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Abstract 

The Hamiltonian theory of a relativistic string is considered in a specific reference frame in 
terms the diffeo- invariant variables. 

The evolution parameter and energy invariant with respect to the time-coordinate trans- 
formations are constructed, so that the dimension of the kinemetric group of diffeomorphisms 
coincides with the dimension of a set of variables whose velocities are removed by the Gauss- 
type constraints in accordance with the second Nother theorem. This coincidence allows us 
to solve the energy constraint, and fulfil Dirac's Hamiltonian reduction. 
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1. Introduction 



The main difficulty of the theory of a relativistic string is the group of diffeomorphisms, i.e. 
general coordinate transformations £Q. 

There is an essential difference between the frame group of the Lorentz - Poincare-type 
leading to a set of initial data and the diffeomorphism group of general coordinate transformations 
restricting these initial data by constraints. This difference was revealed by two Nother theorems 

Starting position of the paper is the group of diffeomorphisms of this "Hamiltonian frame" 
known as the kinemetric one in general relativity jH]- This kinemetric group contains global 
reparametrizations of the coordinate time and local transformations of a spatial coordinate, and 
it requires to distinguish a set of variables with the same dimension, velocities (or momenta) of 
which are removed by the Gauss-type constraints from the phase space of physical variables in 
accordance with the second Nother theorem. 

A similar Hilbert-type [21 EI geomeiro-dynamic formulation of special relativity (SR) [Z| with 
reparameterizations of the coordinate evolution parameter shows that the energy constraint fixes 
a velocity of one of the dynamic variables that becomes a evolution parameter. In particular, 
in SR such a dynamic evolution parameter is well known, it is the fourth component of the 
Minkowskian space-time vector. 

In order to realize a similar construction of the Dirac - ADM Hamiltonian GR [EJ, one should 
point out in GR a homogeneous variable that can be a diffeo-invariant evolution parameter in 
the field space of events |9J in accordance with the kinemetric diffeomorphism group of GR in 
the "Hamiltonian frame" j^]. 

Thus, in the standard approach to a relativistic string this homogeneous evolution parameter 
is not split, so that the dimension of the Hamiltonian constraints does not coincide with the 
dimension of the diffeomorphism group. 

In the present paper, a evolution parameter is identified with the homogeneous component 
of the time-like variable in accordance with the second Nother theorem. 



2. Diffeo-invariant Content of a Relativistic String 

To illustrate the invariant Hamiltonian reduction let us consider the action for a relativistic 
string fXj in the form which has been done by L. Brink, P. Di Vecchia, P. Howe 

S = ~ J J d 2 u^/^gg a(3 d a x fJ '(uo,ui)dpx l _ l (uo,ui), (u , ui) = (r, a), (1) 

where x m (t, a) - string coordinates given in d-dimension space-time (jx = 0, 1, 2, ...,d — 1), 
9a(3(uo,ui) - is a second-rank metric tensor on the string surface (two dimensional Riemannian 
space uo,ui). 

Now let us consider the Hamiltonian scheme which is based on the Arnowitt-Deser-Misner 
parametrization of metric tensor g a p ^2] 

„ _ 2^o 2 -^i 2 N A Wi N! \ r-_ Q 2 N m 

9a ?- n [ N, -lj' 9 -Wn*\N x Nl-N*)' V^-^o (2) 
with the conformal invariant interval 

ds 2 = g afi du a dvP = Q 2 [N$dT 2 - {da + iVidr) 2 ], (3) 

x One of these theorems (the second) was formulated by Hilbert in his famous paper [2] (see also its revised 
version We should like to thank V.V. Nesterenko who draw our attention to this fact 0. 
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where Nq and N±(r,a) are known in GR as the lapse function and "shift vector", respectively. 

The action (£Q) after the substitution (0) does not depend on the conformal factor Q and takes 
the form 

/•T2 rl 



s 



dr / da 

r Jo 



N 



(4) 



where x M = d r x^ x'^ = d a x^ and ± M — Nix' = Dx^ is the covariant derivative with respect to 
the metric (JSJ- The action (@J, the metric and the covariant derivative Dx^ are invariant 
under the "kinemetric" transformation r — ► f = /i(r), a — > a = /2(r, a). These transformations 
of the differentials df = fi(r)dT, da = /2(t, a)dr + f 2 (r, a)da correspond to transformations of 
the string coordinates 



VC 7 "' ") = x^{f,a)f 2 '{T,a), 



Xfi(r,a) = x M (f,cr)/i(r) + x/(f , a)f 2 (r, a), 



(5) 



iV (T,<7) = iVo(f,<7)-^ l(r 



r l{ . n y N 1 (r,a)=N 1 (f,a)A + i- 
h'(T, o) f 2 > f 2 ' 



D T x,j,(T,a) = fi(T)DfXfj,(f,a) (6) 
The variation S with respect to /Vo and Aq leads to equation for determination Nq,N± 



SS (Dx,f , _* _ Q ^ ^ _ {xx'f - x 2 x' 2 



SN 



No 2 



^/2\2 



(7) 



5S {x'Dx^) 



SN! 



N 



iVi 



(is') 



/2 



The substitution of these equation in action (@J converts it into the standard Nambu-Goto action 
of the relativistic string 



S 



T'2 



-7 / dr / dcr^ (xx 1 ) 2 — x 2 x 



12 



(9) 



'Tl JO 

One can construct the Hamiltonian form of 5. The conjugate momenta are determined by 



and density of Hamiltonian is obtained by the Legendre transformation 

2 2/2 



27 



then 



S 



n 



2 dr [ da[p^-H}. 
Jo 



The secondary class constraints arises by varying 5 with respect to Nq,Ni 

(pa/) = 0. 



5S p 2 + j 2 x' 2 5S 

^5 



2-, 



(10) 



ill) 



(12) 



(13) 
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The equations of motion take the form 



$ S d 

^ = ^-^(7AK + iVi^) = 0, 

(14) 

The standard gauge-fixing method is to fix the second class constraints (orthonormal gauge) 
iVo = l,Ni = 0. In this case the equations of motion (|T4"|) reduce to d'Alambert ones for 

Pfi = 7V' *m = ~^ ^ _ V = °' ( 15 ) 
the conformal interval (jSJ takes the usual form 

ds 2 = n 2 [dr 2 - da 2 }, 

but the Hamiltonian ffTTf) in view of the constraint lfT3|) is equal to zero (H = 0). 

There is another way to introduce evolution parameter as the object reparameterizations 
in the theory being adequate to the initial "kinemetric" invariant system and to construct the 
non-zero Hamiltonian. We identify this evolution parameter with the time-like variable of the 
"center of mass" (CM) of a string defined as the total coordinate 



1 



X^t) = - J x^{r,a)da = (a^). (16) 

The reduction requires to separate the "center of mass" variables before variation of the action 
(@J which after substitution 

Xu = XJt)+£Jt,(t), x'Jr,a) = £'(r,a), (17) 



f Mt,v) = Q 
Jo 



takes the form 



8=1 J dr *V) 



da 



N q (t,<t) 



+ 2X^{t) / da 



'L-m' 



N 



+ 



+ / da 



1\ 



The usual determination of the conjugate momenta 



P,,(r) 



5S 



SX^(t) 



SS 



da 



No(r,a) 'Jo 



+ 7 da 



e M (r,(7)-JVi£'(r,(7) 



5^(r,a) 



iX^r) 



1 



N (r,a] 



+ 7 



N (T,a) 

Ur )( 7)-JVi^(r,a) 
N (r,a) 



(19) 



(20) 



(21) 



leads to the contradiction because P^{t) and tt^(t, a) are not independent, namely j Q l 7r M (r, a)da 
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Thus for the consistent definition of the momentum of "center-mass" Pu(t) and momentum 
of intrinsic variables vr^(r, a) we have to put strong constraint in action (|T?H) 



da 



N 



Then we obtain the following form of the reduced action: 



'red 



7 



[Mr,<r)-Ni?jT,a) 



N (T,a)C 2 (r,a 



N (r,a) 



where N(t) is the global lapse function 

1 1 



da 



N(t) I J N (r,a) 



For global momenta we get 



dX^{r) 



N{r) 



and for the local (intrinsic) momenta 



with two strong constraints (|T8|l and l(22|) 



95 red eAi(T,<r)-^i(r,a)^(r,(7) 
7 



N Q (r,a) 



/ £,Li{T,<?)da = 0, / 7t^(t, a^da = 0. 



(22) 



(23) 



(24) 



(25) 



(26) 



(27) 



This separation conserves the group of the "kinemetric" transformation ® and leads to Hamil- 
tonian form of reduced action, in view of 



I 7 



7 



(26 



we get 



I ( A,,(7 - ff )p2( T )+J V0 ( T)<T )[ 7r 2 +7 2^2 ]+27 ^ i(7rO \ (29) 



2 7 ^ I 



5 = jH dr \p»{t)X»{t) - N(r)^- + jf' da 



The equation of motion is split into global one 

55 • , , „ 5S 



P^r) = 0, 



2 , 2e/2 

frfl-JV V 
27 



X,(r)-N(r)^ = 



(30) 



and local one 
6S 



5tt^(t, a) 



Nn 



m^) =^-d~a {Nl ^ +lN ^ 



0. (31) 
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The variation of the action ffTTTTf) with respect to Nq(t) results in the constraint 

5S _ iV 2 (r) PV) + !V)l^ = o, (32) 



5N (T,a) N*(t,<t) 2 7 / 2 2 7 

here it is necessary to take into account that the variation over the global lapse function ij^lj) 
leads to 

SN (r,a) N*(T,ay { ' 

The variation of the lj3l7|) with respect to Ni(r,a) results in the constraint for local variables 

-Jj!— = 0. (34) 

oNi(t, a) 

Now we introduce the Hamiltonian density for local excitations 

H{t, a) = — (35) 

and rewrite 1|32|) in the form 

N(t) 



mr) = j2iH(r,a). (36) 



One integrates ffify over a and taking into account the normalization equality (|2~f|) 

1 f l N(t) , , , 
— / A7 / \ da = 1, 37 

I J N(r, a) v ' 

it leads to global constraint 



(3S 



where M st is mass of the string. The local part of the constraint lj3*fi|l can be obtained by 
substitution (|3*%|l into 1(3*6*)) 

N (r,a) (VH) ' 1 ' 

Finally, after substitution l[38[l. if""""")) into action if*""")) we can derive the constraint-shell action, 
whereas the equation N(t)P 2 (t)/2'jI = J Nq{t, a)Ti(r, a)da 

Sconst-sheii = J ' dr {p m X"(t) + J^do [tt^t, <t)&(t, a) - Nx(t, a)^(r, a)^(r, a)] j . (40) 

Again the variation with respect to Ni(r, a) results in subsidiary condition (7t m (t, 0")£ /m (t, a)) = 0. 
Now in the "center-mass" coordinate system -Pj(r) = 0, -Po( r ) = f da^2j7i(T, a) the action 
if"!"")) takes the form 

^const-shell = dT j Q ^ { \/W(r, g)Xq{t) + TT^T, <t)£"(t, (j)} , (41) 
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which describes the dynamics of a local (intrinsic) canonical variables of a string with non-zero 
Hamiltonian because 11411) can be rewritten in the form 

Sconst-sheii = jf* dX da {tt^Xq, CT )^gji^> + y/2rfH (X , a ) | , (42) 

where 

27^X0,(7) = -[vr 2 (Xo,a) + 7 2 £' 2 (X ,ct)] 

and time <iXo = Xo(r)dr is invariant with respect to df = fidr. 

In the gauge-fixing method, by using the kinemetric transformation, we have to put Nq(t, a) = 1, 
JVi(r, <t) = (this requirement does not contradict to Eq. l(!T7|) in view of Eqs. (JSHJ; Then 
according to ^H] 

y /HM = j£dvy/HM = ^ l (43) 

means that the Hamiltonian y / 27'H(r, a) is constant. In this case the equations for the local 
variables obtained by varying the action (jl2"|) take the form 

SS _d^(X ,a) 7r^X ,a) _ ^ 



(^(X ,a) dX ^-(7r 2 +7 2 e' 2 ) 



55 _ (9vr M (X ,cr) + ^2_^_ 



<J^(X 0) (t) 5X ' da 



v /_( 7r 2 +7 2 | /2) 



0. (45) 



If we put according to Eq. (|i3*|l \/—(tt 2 + 7 2 £' 2 ) = 7, (M s t = 7/), then it leads again to 
d'Alambert equation for £^(Xo,cr) 

g 2 ^(X ,a) _ P^X^a) 

3X 2 " 0a 2 • 1 j 

The general solution of these equations in class of functions l|2"Tj) with boundary conditions for 
the open string £ '^(X^O) = ^'^(Xq,1) = is given as usually by the Fourier series 



£ M (X , =2^[*m(^o + «t) + ^(X - a)], 

Z'viXo,*) = J_[*' /i (Jf + a) - *V(^o - *)], (47) 



where 



vr,(X , a) =7 ^°' a) = ^[^(^o + a) + * ',(X - a)], 

it is very important to stress that lf4*8|) does not contain zero harmonics (n 7^ 0)). The substi- 
tution of £ M and in this form into (|3*K|l and taken into consideration (f4*3*|) leads to density of 
Hamiltonian 

1 /If 2 
W = — [*' 2 (X + a) + *' 2 (X - a)] = . (49) 

From the constraint l|3"4"|l (7r£') = in terms of the vector "3/'^ (|4*T|) we obtain 

(tt^Xq, <x)£^(X , a)) = \ [*' 2 (X + a) - * /2 (X - a)] = 0, (50) 
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then from ijlHjl and 1(501) finally we get 

M 2 

^ 2 (X + a) = *; t 2 (X - a) = (51) 

It means that ^u(^) is the modulo-constant space-like vector and in terms of its representation 
UHl) the equalities l(5T|) can be rewritten 

fc=— oo 

where 

Now we can see that the zero harmonic of this constraint determines the mass of a string 

M%t = t^iLq = -7T7 <%^i) = «r (53) 

and coincides with standard definition in string theory £Q, however the non-zero harmonics of 
constraint (|52|) 

L k ^ = - } a nk a%_ n = (54) 

n^0,fc 

strongly differ from the standard theory because they do not depend on the global motion(do 
not depend on P^) and do not contain the interference term P^^' ', because of our constraint 
lf5Tj) we can rewrite 

Z 2 7 ^ 2 (z) + P 2 = (55) 

instead standard one £Q 

(P M + y7^(z)) 2 = 0. (56) 

Therefore diffeo-invariant approach coincides with the Rohrlich one P3j, which is based on the 
gauge condition P^ = 0, P^^ = => P^an = 0, n / 0, One use of that condition for 
eliminating the time components £o, 7To being constructed in the frame of reference (Pj = 0) leads 
to formula l|37 |) - l|K3|) . where and a n o are equal to zero. 



3. Conclusions 

The standard approach to a relativistic string is not invariant with respect to the time coordinate 
transformations. It is the problem as, in diffeo-invariant theories, all observable quantities should 
be the diffeo- variant ones. 

We propose here to solve this problem as in [JJ, where the reference frame is redefined by 
pointing out diffeo-invariant homogeneous "time-like variable" in accordance with the dimension 
of the diffeomorphism group. 

Just this choice of an evolution parameter simplifies the Hamiltonian equations and leads 
to exact resolution of the energy constraint with respect to the canonical momentum of the 
evolution parameter. We have shown that this diffeo-invariant approach to a relativistic string 
corresponds to the Rohrlich spectrum 
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